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ABSTRACT 
This document describes the theoretical aspects and commands necessary to use 
WSTRESS, a research code for computation of crack-tip fracture parameters based upon 
probabilistic fracture mechanics. WSTRESS calculates the Weibull stress, aw, and pro-
vides estimates for the Weibull parameters from fracture mechanics test data. Recent de-
velopments have focused on its application for analyzing the effects of constraint loss and 
ductile tearing on macroscopic measures of cleavage fracture toughness (J c, 0 c). In particu-
1ar' it now accommodates modeling of ductile crack extension offered by the finite element 
code WARP3D. WSTRESS implements a multiaxial form of the weakest link model appli-
cable for a three-dimensional cracked solid; the Weibull stress, aw , then emerges as a frac-
ture parameter reflecting the local damage of material near the crack tip. The formulation 
currently implemented in WSTRESS conveniently handles the inhomogeneous character 
of the near-tip stress fields and the spatial (random) location of microcracks. Computation 
of the Weibull stress is accomplished by integration of the local tensile stresses using a nu-
merical scheme at the element level. Statistical inference of the parameters that describe 
the Weibull distribution of aw centers on the maximum likelihood method to yield efficient 
estimates for the Weibull parameters. Tabulated functions implemented into the code auto-
matically provide the confidence intervals for these estimates. WSTRESS also supports 
statistical inference of Wei bull parameters for censored observations based upon a Type I 
censoring model for the Weibull distribution. This provides an additional facility needed 
when different populations of experimental data are present in the analyses. Specific fea-
tures of the code also include a convenient free-form command language and a seamless 
interface with finite element results files stored in Patran binary or ASCII format. 
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WSTRESS User's Guide 
1. Introduction 
This document describes the theoretical aspects and commands necessary to use WSTRESS, 
a research code for computation of crack-tip fracture parameters based upon probabilistic frac-
ture mechanics. WSTRESS calculates the Weibull stress, aw , and provides estimates for the 
Weibull parameters from fracture mechanics test data. It is based partially on an undocument-
ed computer code, originally developed by C. Ruggieri and F. Minami at Osaka University in 
1992 with the collaboration of A. Bruckner-Foit (Karlsruhe University), for studying effects of 
specimen geometry on cleavage fracture toughness data. Significant improvements have been 
incorporated since then toward the fracture mechanics analysis offully 3-D configurations. Re-
cent developments have focused on its application to analyze the effects of constraint loss and 
ductile tearing on macroscopic measures of cleavage fracture toughness (Je, oe). In particular, 
it now accommodates modeling of ductile crack extension offered by the finite element code 
WARP3D [1]; this capability has proven essential to incorporate effects of small amounts of 
stable ductile extension prior to cleavage fracture in a probabilistic framework. On-going work 
continues to provide WSTRESS with additional capabilities to support applications for frac-
ture assessments of cracked solids. 
WSTRESS implements a multiaxial form of the weakest link model applicable for a three-
dimensional cracked solid. Effects of local inhomogeneity and random characteristics of the 
material at the microscale level are included by using the asymptotic theory of extreme values 
[2] to describe the distribution of flaw size in the material. Further, the methodology couples 
the (stress-strain) loading history in the near-tip region where fracture takes place with the 
(operative) microstructural fracture mechanism. The Weibull stress, aw, then emerges as a 
fracture parameter reflecting the local damage of material near the crack tip. Hence, overall 
fracture conditions in a specimen or structural component may be described by evolution of this 
micromechanistically based parameter with the macroscopic loading, defined conveniently by 
J or CTOD (0). The formulation currently implemented in WSTRESS conveniently handles 
the inhomogeneous character of the near-tip stress fields and the spatial (random) location of 
microcracks. Computation of the Weibull stress is accomplished by integration of the local ten-
sile stresses using a numerical scheme at the element level. 
A central feature ofWSTRESS involves the use of fracture mechanics test data to estimate 
the Weibull modulus, m, and the scale parameter, au; such experimental data sets serve as in-
put for an iterative procedure incorporating a 3-D description of the nonlinear stress field avail-
able from finite element results. Statistical inference of the parameters that describe the Wei-
bull distribution of aw centers on the maximum likelihood method to yield efficient estimates 
for the Weibull parameters. Tabulated functions implemented into the code automatically pro-
vide a bias correction and confidence intervals for these estimates. WSTRESS also supports 
statistical inference of Wei bull parameters for censored observations based upon a Type I cen-
soring model for the Weibull distribution. This provides an additional facility needed when dif-
ferent populations of experimental data are present in the analyses. Specific features of the 
code also include a convenient free-form command language and a seamless interface with fi-
nite element results files stored in Patran binary or ASCII format. 
1 
WSTRESS User's Guide 
This manual is divided as follows. Section 2 provides the theoretical background for 
constructing the probabilistic methodology employed in WSTRESS and the computational 
procedures used in the code. Section 3 describes the commands and input data needed for 
execution of WSTRESS. Section 4 presents an illustrative example using SE(B) specimens 
which serves as a prototype for generating the Weibull stress of a cracked or notched structure. 
The appendices supplement the main body with additional details. 
t Numbers in [] indicate references listed in Section 5. 
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2. Statistical Treatment of Cleavage Fracture 
The framework presented here addresses the problem of relating the macroscopic fracture 
toughness of cracked structures, as measured by K Ic , J c or CTOD (0), to a micromechanics 
model for cleavage fracture. This type of fracture has obvious significance in assessing the 
structural integrity of engineering components as it often leads to catastrophic failure at low 
applied stresses with little plastic deformation. One of the primary interests focuses on the 
transferability of fracture toughness data obtained in laboratory testing of small (standard) 
specimens to structural components. Here, substantial progress has been made in recent years 
in characterizing and analyzing the fracture problem from a phenomenological viewpoint of 
unstable crack propagation. Assessments offracture behavior generally employs a convention-
alone-parameter characterization [3] or the more recent two-parameter characterization of 
crack-tip stress and deformation fields, such as the J-T [4-8] and J-Q [9, 10] approaches. Other 
correlative methodologies for fracture analyses have also been proposed, such as the Dodds and 
Anderson toughness scaling model [11, 12]. 
However, because large-scale fracture mechanics tests remain economically infeasible, 
such approaches rely on data obtained from relatively simple laboratory testing of standard 
specimens. Further, cleavage fracture is a highly localized phenomenon which exhibits strong 
sensitivity to material characteristics, structure geometry and loading history. In particular, 
the random inhomogeneity in local features of the material causes large scatter in measured 
fracture toughness data. Consequently, realistic methodologies for fracture assessments of 
engineering components must adopt a probabilitic, rather than a deterministic, treatment of 
fracture. In particular, probabilistic approaches employing local fracture criteria appear well 
suited to the task of describing overall conditions for cleavage fracture; such approaches couple 
the random nature of local failure with the (stress-strain) loading history in the near-tip region 
where fracture takes place. Several methodologies along these lines have been proposed to re-
late local failure conditions with macroscopic fracture parameters and to the subsequent pre-
diction of a toughness loci for the material. For the transgranular cleavage mechanism offerrit-
ic steels, a number of such models explicitly adopt weakest link arguments that yield statistical 
functions reflecting the inhomogeneous character of near-tip stresses [13-16]. Work of the Ber-
emin group [16] attains particular relevance here as it introduced the so-called Weibull stress 
as a local fracture parameter. Similar statistical approaches falling within the scope of micro-
mechanics methodologies have also been described by Wallin, et al. [17-20], Lin, et al. [21], 
Mudry [22], Briickner, et al. [23], Minami, et al. [25], Ruggieri, et al. [26], among others. 
In the present work, the random nature of cleavage fracture due to inhomogeneity in the 
local characteristics of the material drives the development of a relationship to couple macro-
scopic fracture behavior with microscale events. Consequently, we consider a micromechanics 
model that employs the statistics of microcracks applicable for ferritic steels in the transition 
region. This model provides a connection between the microregime of failure and a tractable 
mathematical formulation within a continuum framework of fracture. Here, the underlying 
assumption, which appears most compatible with the physical process, is that there exist 
small, but finite, volumes of materials which fully embody a population of uniformly distrib-
3 
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uted flaws; their size and density constitute properties of the material. The resulting frame-
work therefore reduces the brittle fracture problem to one of finding a critical flaw or, in gener-
al, of determining (implicitly) the extreme value distribution of flaw size. To incorporate the 
inhomogeneous character of near-tip stresses for arbitrary loading, we utilize the elastic rela-
tionship between the local stress and microcrack size; weakest link arguments then yield a sta-
tistical function describing overall fracture conditions in the specimen or structure. For stress-
controlled, cleavage mechanisms of material failure, the Weibull stress, Ow, emerges as a 
fracture parameter defining the conditions leading to (local) fracture (see, e.g., Ruggieri and 
Dodds [27]). 
The methodology implemented in WSTRESS does not attempt to generate the Weibull 
stress for the material based upon the actual microcrack distribution (such as measured by, for 
example, indentation tests in ceramic materials). Without making recourse to detailed metal-
lurgical measurements, WSTRESS constructs a relationship between the Weibull stress and 
the macroscopic loading (as measured by J or CTOD) based upon conventional, high constraint 
laboratory test specimens. While this procedure lacks a rigorous description of some material 
characteristics at the microscale level, it simplifies considerably the statistical treatment of 
fracture and produces robust parameters for failure assessments of structures. 
2. 1 Micromechanics of Transgranular Cleavage Fracture 
This section reviews basic features of the transgranular cleavage fracture in polycrystalline 
metals; such a failure mode most often occurs in bee metals (e.g., low carbon steels) at low tem-
peratures. A substantial number of studies and experimental observations have provided de-
tailed descriptions of the cleavage fracture process [30-32]. It is beyond the scope of the present 
report to survey all the work done on cleavage fracture. However, we introduce some general 
and simple concepts needed to support the fracture methodology described in the following sec-
tion. 
Cleavage fracture occurs when a crack propagates unstably through a solid under tensile 
stress; the fracture of material occurs simply by direct separation along the cleavage planes 
due to rupture of atomic bonds. The pioneering work of Griffith [33] recognized the fundamen-
tal importance of inherent microcracks (flaws) in the material. These microcracks represent 
the precursors to fracture initiation and eventually produce stress concentration of sufficient 
magnitude to cause material separation in localized regions. While the physical significance 
of this model is apparent, further consideration of how cleavage cracks form and their role in 
controlling fracture toughness of metals is necessary. Because fracture in virtually flaw-free 
materials may occur upon yielding [31], additional mechanisms on a microscopic level must 
accompany the fracture process. 
Early experiments by Low [34] on iron at low temperatures have shown that localized plas-
ticity provides the source for cleavage fracture. This failure mode originates at the microlevel 
of the material where inherent defects (e.g., aggregation of impurities, grain boundary segre-
gations, etc.) or inhomogeneity in the microstructure, most often flaws produced in the course 
of permanent deformation, lead to localized intensification of tensile stresses. Plastic deforma-
4 
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tion in the form of inhomogeneous arrangements of dislocations in slip (or twin) bands causes 
the formation of cleavage microcracks in the material [31]. This process occurs over one or two 
grains of the polycrystalline aggregate; once a microcrack has formed in a grain and spread 
through the nearby grain boundaries, it likely propagates at no significant increase in the ap-
plied stress. Various microstructural variables may influence the dislocation mechanism and 
produce fracture in specific materials. 
We now limit attention to low carbon, ferritic steels. Cleavage fracture occurs primarily by 
the formation of microcracks at carbides in regions which undergo inhomogeneous plastic de-
formation [32]. These cracked carbides usually appear along grain boundaries and provide the 
cleavage nucleation sites. Figure 1 (after Wallin et al [19]), illustrates the key steps in cleavage 
fracture induced by carbides as follows: a) nucleation of a cleavage microcrack, b) propagation 
into the matrix of the grain which it nucleated and c) growth of the microcrack into adjacent 
grains to form a critical crack. 
a a 
a a 
(a) (b) 
Figure 1 Schematic of cleavage fracture due to cracking of carbides at grain bound-
aries of ferritic steels: a) fracture of carbide and formation of a microcrack; b) growth 
of the microcrack into adjacent grains. (After Wallin et al [19]). 
Since our primary interest focuses on establishing a local criterion for cracking behavior 
that connects the local stress fields with a macroscopic fracture parameter, a simplified charac-
terization of the aforementioned cleavage fracture process becomes attractive for the present 
methodology. Smith [32] has indicated that nucleation of microcracks is not a sufficient condi-
tion for cleavage fracture; after they are formed due to inhomogeneous plastic deformation, 
these microcracks do not necessarily propagate unstably. Tetelman and McEvily [31] argue 
5 
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that nucleation depends solely on the effective shear stresses acting on a slip or twin band and 
is unaffected by the tensile stresses; microcracks may be formed under compression, but they 
will not propagate unless the compressive stress is removed and a sufficient tensile stress is 
applied. By contrast, the local tensile stresses effectively drive the growth of microcracks there-
by causing cleavage fracture upon attainment of some critical conditions. Curry and Knott [35] 
have also concluded from the temperature independence of cleavage fracture stress that the 
mechanism of cleavage fracture in ferritic steels is growth-controlled. Therefore, the present 
work adopts the viewpoint that cleavage fracture is a two-stage process: a) microcracks are 
generated due to localized and inhomogeneous plastic flow in a sufficiently stressed region of 
the material [32] and b) unstable crack propagation occurs when the local tensile stress acting 
on these microcracks (which are contained within a fracture process zone ahead of a crack or 
a notch) reaches a critical tensile stress, oc [36]. 
2.2 The Weibull Stress for Cracked Solids 
We begin by introducing a limiting distribution for the fracture stress of a cracked body sub-
jected to a multiaxial stress state, where a stationary macroscopic crack lies in material con-
taining randomly oriented microcracks (flaws), uniformly distributed in location. The general 
3-D form is given first and then simplified to plane strain conditions. Figure 2 illustrates an 
arbitrarily stressed, unit volume V near a crack or a notch; the stress state is represented by 
the principal stresses (01,°2,°3), We idealize the fracture process zone near the crack tip as 
formed by a large number of statistically independent, uniformly stressed, small volume ele-
ments, denoted 6V. For definiteness, we assume that failure of this small volume element oc-
curs when the size of a random flaw exceeds a critical size, i.e., a > a c. Based upon probability 
theory, we invoke the well-known Poisson postulates (see, e.g., Feller [37]) and assume: (1) fail-
ures occurring in nonoverlapping volumes are statistically independent events and (2) the 
probability of failure for 6V is proportional to its volume, i. e., 6<3> = /-l6V when 6V is small. 
Here, the proportionality constant /-l is the average number of flaws with size a > ac per unit 
volume. The elemental failure probability, 6<3>, is then related to the distribution of the largest 
flaw in a reference volume of the material, which can be expressed as 
0<]> = oV f 00 g(a)da 
ac 
(1) 
whereg(a)da defines the number of microcracks per unit volume having sizes between a and 
a + da. Thus, the probability that no failure (probability of survival) will occur in the volume 
element becomes 
1 - 0<]> = 1 - oV I.~ g(a)da = exp [ - OV I.~ g(a)da] + O(oV) . 
Equation (2) follows from a Taylor series expansion [38] of the exponential function, 
e-x = f (-x)k 
L k! 
k=O 
6 
(2) 
(3) 
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with second-order terms neglected for sufficiently small x. 
6V 
a 
Crack 
Figure 2 Unit volume ahead of crack tip subjected to a multiaxial stress state. 
We now invoke weakest link arguments to derive the distribution of failure for the entire 
volume V (see Fig. 2). A "chain" analogy is readily established allowing proper interpretation 
of the resulting limiting distribution; Vis viewed as a chain consisting ofn small elements OV 
so that failure of a single element leads to collapse of the whole chain. For a deeper understand-
ing of the weakest link model, we arrive at the distribution of failure for V from a distribution 
of smallest values. Let Y i' i = 1, ... , n, be the failure of the ith elemental volume OV with proba-
bility density function f(y) and cumulative distribution, F(z), given by 
F(z) = 1: f(y)dy . (4) 
The statistics Zn = min [Yl, ... ,Yn] defines the failure probability of V; expressed by CPo, in the 
form 
CPo = 1 - Pr(zn > z) = 1 - Pr(allYi > z) = 1 - Pr(Yl > z, ... ,Yn > z) (5) 
= 1 - [1 - F(z)]n . (6) 
Since the cumulative distribution, F(z), in the above expression represents the failure prob-
ability 0<]'>, Eq. (6) can be rewritten as 
7 
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n 
'3>0 = 1 - n (1 - 0'3» (7) 
i=l 
which is the familiar weakest link formulation applied to the volume V Substituting Eq. (2) 
in the above Eq. (7) yields 
"'0 = 1 - fI exp[- oVi J ~ g(a)da] = 1 - exp [- I oV, J 00 g(a)da] (8) 
L= I ac L= I ac 
Consequently, when n ~ 00 (and oVi ~ dV), Eq. (8) becomes 
'3>0 = 1- exp [- f dV Joo g(alda] . 
v ac 
(9) 
To arrive at a closed form for the failure probability of the unit volume Vin terms of the 
near-tip stress field, an approximate description for the distribution of microcracks is required. 
A common assumption adopts an asymptotic distribution for the micro crack density, g(a), in 
the form [39, 40] 
1 (co); g(a) = Vo a (10) 
where ~ and Co are parameters of the distribution and Vo denotes a reference volume. Now, the 
implicit distribution of fracture stress can be made explicit by introducing the dependence be-
tween the critical microcrack size, ac , and stress in the form ac = (K2/Ya2), where Y repre-
sents the specimen dependent geometry factor and a denotes a tensile (opening) stress acting 
on the microcrack plane. Consequently, substituting Eq. (10) into Eq. (9) and working out the 
crack size integral yields the expression for g> 0 in the form 
(11) 
where parameters m = 2~ - 2 and au define the microcrack distribution. 
Employing the usual transformation of Cartesian coordinates (xl' X2' x3) in spherical coor-
dinates (r, e, cp) by the mapping (see Fig. 2) 
Xl = r sincp cos e 
x 2 = rsincp sine 
x3 = rcoscp 
(12) 
the limiting distribution of the fracture stress for the unit volume Vat a givelload level, J, fol-
lows as 
(13) 
8 
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(14) 
where I J I = r2 sincp is the determinant of the standard coordinate Jacobian between Carte-
sian and spherical coordinates. 
When integrated over the radius of the unit volume V, the radius integral resolves to 1/4.n 
(since r = (3/4.n)1/3) and the above probability distribution is given by 
(15) 
where the specific integration of the (tensile) stress over the curvilinear coordinates ((), cp) in-
cludes the random orientation of microcracks. Since the reference volume, Vo, only scales g(a) 
but does not change the distribution shape, it has no effect on m and is assigned a unit value 
for convenience in the computations. In the present work, the active fracture process zone is 
defined.as the loci where 0 1 ;;::: AOO, with A = 2. 
Using again weakest link arguments, Eq. (15) can be generalized to any multiaxially 
stressed region, such as the fracture process zone ahead of a macroscopic crack or notch. Thus, 
the statistical problem of determining a limiting distribution for the fracture strength of the 
entire solid is equivalent to determining the distribution of the weakest unit volume V. The fun-
damental assumption is that the near-tip fracture process zone consists ofN arbitrary and sta-
tistically independent, unit volumes V Consequently, the failure probability of the cracked 
body, denoted as g>, is given by 
N 
g>(J) = 1 - T1 [1 - g>b(J)] 
j=l 
which for N ~ 00 yields 
where Q denotes the volume of the near-tip fracture process zone. 
(16) 
(17) 
Equation (17) implicitly defines a zero threshold stress for fracture; consequently, stresses 
vanishingly small compared to the fracture stress will yield a non-zero (albeit small) probabili-
ty for fracture. A more refined form for the limiting distribution for the fracture strength of a 
cracked solid can be given as 
9'(0) = 1 - exp [ - 4;V
o 
L (" r c' ~uath) m sin <pd<pdedQ ] 0;;::: 0th (18) 
where 0th is the threshold stress and has the physical interpretation of a lower bound strength 
for fracture. The failure probability for the cracked solid is zero for any stress below 0 th. Howev-
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er, because the threshold stress represents a lower bound strength at the microscale level, a 
"correct" val ue for a th is a somew ha tel usive concept which raises the question ofi ts significance 
in assessing the fracture behavior of flawed structures. Further, as shown by Ruggieri and 
Dodds [27], such refinement does not appear to provide significant improvements in predic-
tions of the fracture behavior. Although the debate over a physically meaningful value for ath 
has obvious importance, we adopt the simplest form of the limiting distribution for the fracture 
stress by conveniently setting ath = 0 in Eq. (18). All subsequent results are equally valid for 
any ath ;::: 0 (which should be adopted or known a priori) by simply defining a* = a - ath . 
Following this general development, the Beremin's Weibull stress [16] is given by integra-
tion of the tensile stresses over the fracture process zone in the form 
[ 
2 ]l/m 
Ow = 4;Vo L fa " r a'" sin rp drpd8dQ (19) 
from which the limiting distribution (17) now takes the form 
(20) 
Equation (20) defines a two-parameter Weibull distribution [41] in terms of the Weibull 
modulus m and the scale factor au (the statistical significance of the Weibull parameters is ad-
dressed in Section 2.6). Previous work [16,25,43] has shown that m takes a value in the range 
10 ~ 22 for typical structural steels. 
A similar formulation applies under plane-strain conditions for which the fracture process 
zone ahead of the crack tip remains uniform along the crack front. A volume element dQ be-
comes simply BdA, where B represents the thickness of the cracked body and dA lies within 
the process zone in the x 1-x2 plane (see Fig. 2). The Weibull stress for plane strain problems 
is then given by 
(21) 
where B may be simply assigned a reference unit thickness as shown later. 
2.3 The Weibull Stress for Growing Cracks 
As developed above, the Weibull stress describes local conditions leading to unstable (cleavage) 
failure and appears, at least as a first approximation, to remain applicable during small 
amounts of ductile crack extension. Highly localized, non-planar crack extension and void 
growth at the larger inclusions, both of which occur over a scale of :5 0Ie' should not alter the 
material properties m and au over the much larger process zone relevant for cleavage initia-
tion. Further, small amounts of ductile crack growth modify the stress history of material 
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points within the process zone for cleavage fracture which affects directly the evolution of Wei-
bull stress. A detailed discussion of the approach adopted here for generating the evolution of 
the Weibull stress with J (or equivalently CTOD) for a growing crack is given by Ruggieri and 
Dodds [27]. 
Figure 3 illustrates development of the active fracture process zone (here defined as the loci 
where a 1 2: AOO' with A = 2) given by a snapshot of the stress field ahead of the growing crack. 
Points on such a contour all lie within the forward sector I e I ~ n /2. The envelope of all material 
points for which 0 1 2: AO 0 during the history of growth defines an alternative, cumulative pro-
cess zone. Consequently, the 3-D form of the Weibull stress for a growing crack becomes simply 
(22) 
where Q* denotes the active volume of the fracture process zone, 0 1 2: AOO , which moves for-
ward with the advancing tip. Now, assuming plane-strain conditions, the Weibull stress for a 
growing crack is then expressed as 
(23) 
where A * denotes the active area of the fracture process zone, 0 1 2: AOO ' which moves forward 
with the advancing tip. The proposed generalization of Ow to include ductile tearing maintains 
the relative simplicity of computations while, at the same time, fully incorporating the effects 
of alterations in the stress field ahead of the crack tip. 
2.4 Fracture Criteria 
For the general problem of a microcrack with size a extending under combined loading, the lo-
cal stress state may exhibit all three "modes" (I, II, III) of deformation. Assuming that micro-
crack extension occurs without causing a significant readjustment in the surrounding stress 
field, we postulate a fracture criterion based upon the stress field existingjust before the onset 
offracture. Generic flaws (collectively referred to as microcracks in the present work) are ideal-
ized as circular and planar (penny-shaped) microcracks subjected to tension and shear loading. 
Such a representation provides the simplest flaw geometry to describe unstable propagation 
of a cracked carbide (or other microstructural cleavage site) in a fundamental manner. An 
equivalent stress, 0q, then drives the unstable propagation of the microcrack under an equiva-
lent Mode I loading. The Weibull stress given by Eq. (19) follows by integration of such equiva-
lent stress over the fracture process zone. 
Several criteria have been proposed to evaluate the critical stress at which the crack be-
comes unstable. WSTRESS currently uses simplified forms of those fracture criteria which are 
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[ 
2n 7C m/2 ]l/m 
aw = 4;'Vo L fa Jo [a~ + (2 :':2 v) 2 ] sinrpdrpd8dQ (26) 
Maximum Principal Stress Criterion 
A more convenient definition for the Weibull stress follows by taking the equivalent stress, 
0q, as the maximum principal stress, 0 1; here, the principal stress acts on all material points 
at the element. Since values of 0 1 now become independent of micro crack location and orienta-
tion (as a 1 is now independent of e and cp), the Weibull stress is given by 
(27) 
2.5 Finite Element Representation of the Weibull Stress 
This section briefly summarizes the finite element form of the Weibull stress expression for a 
stationary and a growing crack, Eq. (19) and Eq. (22), employed in these analyses. In para-
metric space, the current (deformed) Cartesian coordinates xi of any point inside a 8-node tri-
linear element are related to the parametric coordinates r; i through the relationship [49] 
8 
Xi = INkxik 
k=l 
i = 1,2,3 (28) 
where Nk are the shape functions corresponding to node k and xik are the current (deformed) 
nodal coordinates, xi = Xi + u i . The shape functions have standard form 
3 
Nk = ~ TI (1 + r;ir;ik) 
i=l 
k = 1, ... ,8 
where r; ik denotes the parametric coordinates of node k. 
(29) 
Let I JI denote the determinant of the standard coordinate Jacobian between deformed 
Cartesian and parametric coordinates. Then using standard procedures for integration over 
element volumes, the Weibull stress has the form 
[ 
2n 7C ]l/m 
a w = 4;'Vo I J J J am sin rpdrpd8dQe 
ne Qe 0 0 
(30) 
[ 
1 1 1 2n 7C ] 11m 
= 4n1Vo I J J J J I om I J I sin cpdcpdedr; 1 dr; 2dr; 3 
ne -1 -1 -1 0 0 
(31) 
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where ne is the number of elements inside the fracture process zone near the crack tip and Q e 
is the volume of the element. The process zone used here includes all material inside the loci 
a 1 ~ .,too, with A = 2. For computational simplicity, an element is included in the fracture pro-
cess zone if the a1 computed at 171 =172=173=0 exceeds 2ao. 
Application ofEq. (31) requires a specific definition for the tensile stress, a, acting on the 
microcrack. This tensile stress can be determined for each pair of coordinates (8, cp) by using 
one of the previously proposed fracture criteria (see Section 2.4) coupled with a geometric shape 
for the microcrack [14, 24, 26]. However, little agreement exists about which criterion most ef-
fectively describes cleavage fracture. Using the simple, maximum principal tensile stress crite-
rion to describe unstable crack propagation, the Weibull stress takes the form 
(32) 
which reflects the independence of the principal stress on the curvilinear coordinates (8,cp). 
This expression for the Weibull stress represents the integral form in parametric space ofBere-
min's formulation [16]. 
2.6 Estimation of Parameters for the Weibull Distribution 
This section describes the theoretical basis and numerical implementation of the procedure for 
estimation of the Weibull parameters appearing in Eq. (20), namely the Weibull modulus m 
and the scale parameter au. Most of the applications of probabilistic fracture mechanics rely 
on sets of limited and incomplete experimental data (most often obtained from standard labo-
ratory specimens), assumed to represent the material behavior at prescribed conditions. Sta-
tistical analyses of the (parametric) probability distribution, which fits the experimental data, 
playa key role in the present fracture mechanics methodology. Specifically, it is essential to 
employ appropriate methods to estimate parameters of the probability distribution describing 
the experimental data. While a number of classical methods for statistical inference of para me-
ters are available (see, e. g., Mann, et al. [42], Kendall and Stuart [44] or Bain [45]), the proce-
dure adopted in WSTRESS focuses on the maximum likelihood (ML) estimation; such a meth-
od generally yields good estimates, which satisfy many desirable statistical properties, and is 
computationally simple to implement. For analyses employing a threshold stress, ath ~ 0, and 
the limiting distribution for the fracture stress in the form ofEq. (18), the procedures described 
in this section are equally valid; defining a new random variable a* = a - a th still preserves 
the functional form of the Weibull stress given by Eq. (19). 
In general, the experimental data set used in the procedure for estimation of m and au 
should reflect the failure process underlying the derivation of the limiting distribution for aw ; 
as already seen, such a failure process derives from a stress-controlled fracture mechanism and 
weakest link arguments. Ideally, highly constrained configurations (deep notch SE(B) or C(T) 
fracture specimens) tested at appropriate temperatures should provide cleavage fracture 
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toughness data employed in the estimation procedure. These specimens (and corresponding 
experimental data) closely characterize the local regime leading to unstable crack propagation. 
Specimens exhibiting measurable stable crack growth are not of particular significance in the 
procedure for estimation of the Weibull parameters and should be avoided or treated as "cen-
sored" observations (refer to Section 2.6.2). As noted previously, the limiting distribution for 
the fracture stress, Eq. (17), is explicitly related to the distribution of the largest flaw in the 
material and is, therefore, also connected to the value of m. The present methodology makes 
no recourse to microscale measurements for estimating m. Rather, it relies upon an adequate 
analysis of convenient sets of experimental data. Statistical inference of the Weibull parame-
ters based upon the framework described in the following sections generally produce robust 
predictions of fracture behavior in different specimens or crack configurations. 
2.6. 1 Evaluation of the Weibull Modulus 
The process begins by finding the material dependent value for the Weibull modulus, m, ap-
pearing in the Weibull stress as expressed by Eq. (19) or Eq. (22) for the general 3-D case; the 
procedure is equally valid for more specific conditions such as plane strain. The numerical pro-
cedure described here to estimate the shape parameter m (Weibull modulus) builds upon the 
work of Minami et al. [25]. Figure 4 illustrates the procedure. The method seeks to determine 
the parameters {m, au} of the probability distribution given by Eq. (20). Now, let cP fem(aw ) and 
cP exp(aw ) denote the distribution of a w corresponding to the stress state obtained through a fi-
nite element analysis and the one obtained through fracture toughness testing, respectively. 
By postulating that cP fem(aw ) and cP exp(aw ) have identical distributions, the calibration process 
becomes one of determining a set of parameters {m, au} which satisfies this condition. 
Alternatively, the procedure can include a simulation of toughness values for cleavage frac-
ture (Jc , Klc or CTOD) when a two-parameter Weibull distribution with known shape parame-
ter, a, and scale parameter, j3, describes the distribution of J c values. The simulation of the 
probability distribution employs the Monte Carlo method with an inverse transform technique 
(see Section 3). Stochastic simulation of toughness distributions proves useful in extending the 
proposed probabilistic framework beyond the conventional analysis of experimental data. One 
application is the simulation of a statistical sampling experiment when limited experimental 
data sets are available. Because it may be either very costly or infeasible to perform a large 
number of valid fracture mechanics tests, the simulation data can provide an alternative input 
for the calibration procedure. Another application examines the effects of various toughness 
distributions on the response of the probabilistic model. For example, a = 2 and j3 = 50 kJ 1m2 
can be assumed as typical Weibull parameters to simulate the distribution of toughness values 
for cleavage fracture of a pressure vessel steel. By modifying the parameters a and j3, we can 
study the effects of the calibrated Weibull parameters and the corresponding impact on tough-
ness transferability models. The procedure described below remains equally valid upon letting 
cP gen(aw ) denote the distribution of a w corresponding to the simulated fracture toughness val-
ues rather than the measured distribution. 
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The following steps describe the algorithm to evaluate the Weibull modulus (refer to Fig. 
4). For simplicity, J defines the load level; however, the algorithm remains applicable for other 
measures of load level, such as K or CTOD . 
Step O. Initial information: FE-analyses and fracture mechanics testing 
Toughness data for cleavage fracture are used to define corresponding values of the Weibull 
stress at fracture; these values form the basis upon which the Weibull modulus for the material 
is estimated without making recourse to detailed micromeasurements. Nonlinear finite ele-
ment analyses of the tested specimens provide the necessary stress fields (Cauchy stresses) 
and de"fine the size of the fracture process zone for the specified load levels (here expressed by 
J). Element stresses and nodal displacements are the "output data" generated by the finite ele-
ment code in an appropriate format. 
Step 1. Initialize the Weibull modulus 
A starting value for m, denoted mo ,is required to generate the first approximation for the rela-
tionship between J in the finite element model and the Weibull stress for the test specimen, 
expressed as (ow)fem = F(J, m). In general, convergence of the computations proceeds indepen-
dent of the choice of this parameter for usual ranges ofmo (most often, 10 ::; mo ::; 20 for 0th = 0 
defines a good starting value). 
Step 2. Generate the (computed) Weibull stress function 
The relationship (ow)fem = F(J, m) is determined by numerically integrating Eq. (19) or Eq. 
(31) at each specified load level. Here, the process zone includes all elements (material points) 
inside the loci 0 1 ~ "loa, with A = 2. For computational simplicity, an element lies in the frac-
ture process zone if 0 1 computed at the parametric coordinates rh = 172 = 173 = 0 (centerofele-
ment) exceeds "loa. Integration of the (tensile) stress over the fracture process zone is then per-
formed using the element-by-element scheme described in Section 2.5. 
Step 3. Determine the Weibull stress at fracture 
The computed relationship between J and Ow obtained in Step 2 enables evaluation of the Wei-
bull stress at fracture, denoted (ow)exp, corresponding to each experimental (or generated) frac-
ture toughness value, J c. This is accomplished by substituting J c into F(J, m), i.e., 
(ow)exp = F(Jc, m). However, our procedure avoids formation of the functional relationship 
F(J, m) and computes (ow)Lp based upon a parabolic interpolation over load steps k-1, k and 
k+1 using (ow)fem evaluated at three points. 
Step 4. Find the new estimate for the Weibull modulus 
The (ow)exp values define a statistical sample with distribution <P exp(ow). A statistical analysis 
based upon the maximum likelihood method for this distribution yields the "new" estimate of 
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the Weibull modulus,m l (since the primary interest here is to estimate the parameter m, the 
scale parameter is not calculated at every iteration but only after convergence). 
Step 5. Check convergence 
Convergence is attained if /m i - l - md :5 E,otherwisetheprocess starts anew at Step 2 with 
the distribution g> fem(ow) computed for m = mi' Values ofe: = 0.001 ~0.01 prove quite adequate 
for most applications. 
While the above procedure appears simple, satisfactory calibration of the Weibull parame-
ters becomes difficult for limited sets of fracture t0ughness; a reduced number of experimental 
values leads to large confidence bounds on m. The calibrated value of the Weibull modulus may 
also exhibit a dependence on details of the finite element mesh of the crack tip region, and fi-
nite train vs. small-strain solutions. Nevertheless, the present implementation has been used 
successfully to calibrate the Weibull parameters and for subsequent predictions of constraint 
effects [25,26,50] as well as constraint and ductile tearing effects [27-29] on measured fracture 
toughness values. 
2.6.2 Point Estimation Using the Maximum Likelihood Method 
In this section, we give details of the maximum likelihood (ML) method implemented in 
WSTRESS for statistical inference of the parameters that describe the Weibull distribution. 
Within the framework of parametric models, such as the Weibull model, a number of other es-
timation procedures are also suitable for determining the estimates of the (unknown) parame-
ters. Classical inference procedures include the method of moments, the least square method 
and the best linear invariant method (see more specific literature, such as Mann, et al. [42], 
Kendall and Stuart [44] or Bain [45], on the statistical and convergence properties of such 
methods). Likelihood-based methods are generally simple to implement and provide (theoreti-
cally) efficient parameter estimates. The maximum likelihood estimates (MLEs) often satisfy 
some of the optimality criteria for statistical inferences and are asymptotically unbiased and 
asymptotically efficient as the number of observations (sample size) increases. Although the 
MLEs for small sample sizes (finite number of observations) are biased to higher values, they 
may be simply corrected to provide unbiased estimates as will be shown next. 
The Maximum Likelihood Method 
Without making recourse to more formal statistical concepts, let (xl' ... ,xn ) with xi :5 x i + l de-
note an independent and identically distributed ordered sample of size n from the population 
of interest; without loss of generality, the random variable Xi is associated with Ow in the pres-
ent work. We then define the probability density function, referred to as pdf, in the form {(x; t!» 
where the parameter vector t!> = (¢l' ... ,¢m) is unknown. For the set of observations xi' the li-
kelihood function L(t!» is defined as the joint density of the n random variables in the form 
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n 
L((/» = Il {(xi; (/» (33) 
i=l 
The maximum likelihood estimates (MLEs) (¢1' ···,¢m)of (¢1' ... , ¢m) are those values that max-
imize the likelihood function, or equivalently, the log-likelihood form of Eq. (33) defined by 
l((/» = InL((/». Hence, it is usual to find the MLEs by solving the following set of likelihood 
equations 
a lnL((/» = ale(/»~ = 0 . . 1 2 
a"'"' . a¢ . ' ] = , , ... , m . 
'f'J J 
(34) 
Fracture mechanics data upon which the method of estimation is based may sometimes 
contain incomplete observations, which are referred to as censored observations [42, 45, 46]. 
In the present context, a common form of incomplete observations is related to cleavage frac-
ture toughness data exhibiting two types of fracture modes: perfect cleavage (stable crack 
growth prior to failure is negligible, e. g., !1a ::; 0 .lmm) and cleavage after some amount of duc-
tile tearing (which may exceed several times Ole). In WS TRESS , such incomplete fracture 
toughness data sets are dealt with by a censoring mechanism known as a Type I censoring mod-
e1. Let (xl' ... ,xn ) with xi ::; x i+ 1 be an independent and identically distributed ordered sample 
of size n from the population of interest. Also, let Xc be some (preassigned) fixed value termed 
the fixed ce nsoring parameter. Instead of observing (x l' ... , xn) (the random variable of in terest) 
we can only observe (Y1' ... ,Yn) where 
{
Xi if Xi::; Xc ~ = 1, ... , r 
Yi = . 
Xc If xi > Xc ; i = r + 1, ... , n 
( 35) 
so that there are r uncensored observations (xi ::; Xc) and n-r censored observations (xi > xc). 
Note that for the censoring mechanism adopted, r also becomes a random variable. Then the 
likelihood function L( (/» is now given by 
r n 
L( (/» = Il {(xi; (/» Il S(xj ; (/» (36) 
i=l j=r+1 
where sex; (/» is the survivor (or reliability) function with respect to the random variable X. 
Since it is understood that when n = r the last product in Eq. (36) is not involved, this expres-
sion may be viewed as a more general likelihood equation and it is the one implemented in 
WSTRESS. 
MLEs for the Weibull Distribution 
For the Weibull distribution of Ow given by Eq. (20), the probability density function is written 
as 
(37) 
and the survivor function is 
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(38) 
for Ow > 0 and where m > 0 and 0u > 0 are the Weibull modulus and scale parameter, respec-
tively. 
The Weibull distribution represents one of the most widely distributions used in reliability 
analysis and probabilistic fracture mechanics. The strength of this models lies in its flexible 
shape for describing many failure mechanisms with a wide variety of possible failure rates. In 
addition, the Weibull model is directly connected to a type III extreme value distribution [2, 
42], which also suggests its theoretical applicability when failure is due to weakest link mecha-
nisms. The Weibull modulus, m, plays the major role in determining the shape of the distribu-
tion. In the present context, m describes the scatter of the data set (the set of observations aL). 
The scale parameter, au, represents the characteristic value of Ow (which can be associated 
with a characteristic toughness in the present framework) and corresponds to the 63.2 percen-
tile on the cumulative distribution function; the scale parameter also gives an approximate 
measure for the mean value of the observations oL. 
Another interpretation on the significance of the Weibull parameters, particularly the Wei-
bull modulus, follows from the concept of hazard or failure rate function of the time-to-failure 
random variable T (see Mann, et al. [42] or any other textbook on Reliability Theory), denoted 
as h(t). Let F(t) be the distribution function of T and f(t) be its probability density function. 
Then, the hazard rate is defined as 
r(t) 
h(t) = 1 - F(t) (39) 
where 1- F(t)is the reliability or survival function, also denoted as Set). The probabilistic inter-
pretation of h(t) is as follows. The hazard function represents the conditional probability that 
a unit fails at time t + /j.t given that it has not failed at time t. Within the present methodology, 
increasing "time" can be replaced by increasing crack tip "damage". The hazard function is an 
indicator of the "proneness to failure" ofa unit after surviving until timet. In the Weibullmodel, 
the modulus (m) has a close correlation with the failure rate of the physical process. When m 
= 1, the Weibull distribution reduces to the exponential distribution and the failure rate is 
constant. When m < 1, the failure rate decreases with increasing material damage! When 
m > 1, the failure rate increases with increased material damage. In the light of these 
observations, it is argued that m can never be :5 1 for (cleavage) fracture processes. Otherwise, 
near-tip damage would be increasing but failure rate decreasing. One could also argue that 
values ofm less than about 2 for fracture toughness are also not very representative of cleavage 
fracture as the failure rate, though an increasing function of damage, increases very slowly. 
. Now, for computational convenience, it is useful to reparametrize with y = 0;; m so that Eq. 
(37) and (38) are rewritten in the form 
(40) 
and 
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SCOw) = exp( - yo~) (41) 
from which the likelihood equation, Eq. (33), for the Weibull distribution is given by 
L(m, y) = (my)'}] aZ;i- 1 exp [ - y it aZ;i] exp[ - (n - r)ya~cl . (42) 
Hence, the maximum likelihood estimates (MLEs) (m, y) (or equivalently (m, o"u)) are found by 
maximizing the log-likelihood form of this expression (see Eq. (34)). This operation defines a 
set of two equations in terms of the variables (m, y) which must be solved iteratively. Appendix 
A provides the log-likelihood equations, al(<p)/acpj' for the Weibull model. 
Evaluation of the fixed censoring parameter, Owe, represents an important step in estimat-
ing the parameters (m, y) or equivalently (m, au) for the Type I censoring model. For the afore-
mentioned example, i.e., fracture displaying two failure modes (perfect cleavage and cleavage 
after stable ductile extension), Minami, et al. [25] use the value of J (or equivalently CTOD) 
at ductile crack initiation. A reasonable estimate for the fixed censoring parameter would also 
be the average value between the last J-value for the data set exhibiting only cleavage and the 
first J-value for the data set exhibiting cleavage after ductile tearing. For small sample sizes, 
however, the MLEs may show strong sensitivity to the choice of the fixed censoring parameter. 
Bias Correction for the Weibull Parameters 
Despite the large-sample optimality properties of the maximum likelihood estimates, the 
MLEs (m, a"u) are biased to higher values when the number of observations available is small 
(20% - 7% higher for sample sizes ranging from 8 - 20 observations). Following Thoman, 
et al. [47], the percentage of bias in m is independent of the true value of (m, ou), but it as func-
tion of the number of observations n. Therefore, a convenient bias correction for m can be given 
in the form mcarr = B(n)m, where B(n)are unbiasing factors generated from appropriate 
asymptotic distribution (see Thoman, et al. [47] for additional details). The unbiased estimate 
of au, denoted au, carr' then follows directly from the unbiased estimate for the Weibull mod ul us, 
m carr . Here, we note that au (or equivalently y) is conveniently expressed in closed form as func-
tion of the Weibull modulus, m - see Appendix A. Consequently, WSTRESS calculates the un-
biased estimate ofm, mcarr , after convergence of the calibration procedure is attained and then 
computes the unbiased estimate of au, au, carr' using Eq. (A 7) of Appendix A. As presently imple-
mented, the method for determining the unbiased estimates for the Weibull parameters is not 
applicable for censored sampling. 
Confidence Intervals for the Weibull Parameters 
Methods for point estimations, such as the ML method presented previously, provide an 
approximate value for an unknown parameter based on a fixed (and limited) number of ob-
servations; the estimates thus obtained may not be reliable due to some other reasons such as 
having insufficient data. WSTRESS incorporates into the procedure for estimation of the Wei-
bull parameters a measure of its reliability given by the confidence intervals. Such interval es-
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timates along with a confidence level represent the probability that the interval will contain 
the true value of the parameter. Confidence intervals for the parameter m, denoted mupper and 
mzower , are constructed directly from appropriate asymptotic distributions at a given confi-
dence level for the maximum likelihood estimate m provided by Thoman, et al. [47]. As pre-
viously noted, au (or equivalently y) can be expressed in closed form as function of the Weibull 
modulus - see AppendixA. Consequently, the confidence intervals for au, denoted a and 
u,upper 
0u,lower' follow directly by using Eq. (A7) of Appendix A with parameters mupper and mZower, 
respectively. As presently implemented, the method for generating confidence intervals for the 
Weibull parameters is not applicable for censored sampling. 
Stochastic Simulation of Fracture Data 
The numerical procedure to evaluate the Weibull modulus, m, described in Section 2.6.1 uti-
lizes measured toughness data for cleavage fracture. Alternatively, the statistical sample of 
fracture toughness data can be generated from a specified Weibull distribution (see Section 
3.8.6 for additional details). Generation offracture data offers significant advantages when us-
ers want to incorporate a fixed set of Weibull parameters representing the cleavage fracture 
process of a particular material into the procedure to estimate m. 
Let the fracture parameter, J c, (or equivalently CTOD) be described by a two-parameter 
Weibull distribution in the form 
(43) 
where a andfJ are the shape and scale parameter of the distribution, respectively. Alternatively, 
the distribution of fracture toughness values can be described by a three-parameter Weibull 
distribution given by 
(44) 
where y is the location or threshold parameter. Because the procedure to evaluate the maxi-
mum likelihood estimates of the Weibull parameters centers on the two-parameter Weibull dis-
tribution (y = 0), the location parameter must always be specified or known a priori when gen-
erating a three-parameter Weibull distribution. The maximum likelihood estimation 
previously described then remains equally valid for any y > 0 by an appropriate transforma-
tion of data in the form J~ = J c - y. 
To generate a statistical sample for J, denoted by J gen , we employ a Monte Carlo simulation 
with inverse transformation method [42] in the form 
[ ]
l/a J gen = fJ - In (1 - U) + y (45) 
where U is uniformly distributed between [0, 1]. WSTRESS utilizes a random number genera-
tor which reflects a linear congruential procedure [52] to produce the uniformly distributed 
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random variate, U, in the unit interval. A large data set for J gen (usually with more than 10000 
points) is then generated using Eq. (45) to guarantee sufficient accuracy in the simulation pro-
cess of the probability distribution. 
2.7 Prediction of Distribution for Fracture Toughness Data 
This section introduces a simplified procedure based upon the Dodds and Anderson (D-A) [11, 
12] scaling methodology to assess the combined effects of constraint variations and ductile 
tearing on cleavage fracture toughness data. Based upon micromechanics considerations, we 
replace the original local criterion in D-A model based on the equivalence of near-tip stressed 
volumes (usually referred to as the toughness scaling model) by attainment of a critical value 
of the Weibull stress to trigger cleavage fracture in different crack configurations (e.g., a labo-
ratory specimen and an engineering structure). A key feature in the present modification is 
that the Weibull stress now incorporates both the effects of stressed volume (as in the D-Amod-
e1) and the potentially strong changes in the character of the near-tip stress fields due to 
constraint loss and ductile crack extension. Such interpretation leads to the notion of the Wei-
bull stress as the crack tip driving force [27]. Within the probabilistic framework adopted in 
this work, this important modification in D-A model is also central to predict the probability 
distribution of fracture toughness data for different cracked bodies. The procedure is quite suit-
able for reliability and defect assessments of structural components from relatively simple 
analyses of conventional fracture specimens. 
The procedure to predict the fracture toughness distribution for a structural component 
using conventional deep notch specimens (SE(B) or C(T) specimens) is summarized in Fig. 
5(a-c). Without loss of generality, the structural component is depicted as a surface crack em-
bedded in a plate under tension, denoted SC(T); the procedure is equally applicable to other 
crack configurations such as shallow notch SE(B) specimens. The notion of the Weibull stress 
as a crack-tip driving force establishes a function of the applied load and geometry which de-
scribes the local, crack-tip response for cleavage fracture. By postulating a critical value of the 
Weibull stress at fracture, the distribution of measured toughness values for one configuration 
may then be rationally employed to predict toughness distribution for other configurations. 
The distribution of the Weibull stress for the deep notch specimens (configuration A) is shown 
in Fig. 5(a); solid symbols represent the measured fracture toughness data while the solid line 
represents the maximum likelihood fitting for the experimental data. As noted previously, this 
distribution obeys the two-parameter Weibull model given by Eq. (20) where the parameters 
(m, au) are estimated ("calibrated") using the procedure outlined in Section 2.4. Curves of a w 
versus J (or equivalently CTOD) for the deep notch specimens and for the SeCT) specimen (con-
figuration B) are displayed in Fig. 5(b) . Finite element analyses provide numerical stress fields 
to evaluate aw for the specimens at a fixed, specified value of the Weibull modulus m (see Sec-
tion 2.5). As noted earlier, m represents a material property in the current model. It must be 
employed to generate the Weibull stress curve for all specimens of the material at the tempera-
ture under consideration. Fig. 5(c) shows the predicted probability distribution for the SC(T) 
specimen (configuration B) indicated by the solid line. 
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Figure 5 Scaling methodology employed to predict the probability distribution of frac-
ture toughness data in different specimens or crack configurations. 
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The distribution of Ow for the deep notch specimens (configuration A) shown in Fig. 5(a) pro-
vides the distribution of Jc-values for these specimens. Here, these Jc-values are not the actual 
values measured in the experiments, but they are generated from g> A(aw ) using the calibrated 
val ues (m, au). This procedure also enables the construction of confidence bounds for the pre-
dicted distribution of the SC(T) specimens if the distribution of Jc-values is generated using 
(mzower,au,Zower) and (mupper,au,upper)' By employing the scaling model form of the Weibull 
stress' curves illustrated in Fig. 5(b), the generated, continuous function of Jc-values for the 
deep notch specimens (configuration A) can then be simply "corrected" for constraint loss and 
crack extension to predict the corresponding values for the SC(T) specimens (configuration B). 
Note that each point on curve g> A(ow) corresponds to another point on curve g>B(Jf) with the 
same probability, i.e., g> A(aw ) = g>B(Jf). Therefore, the probability distribution of cleavage 
fracture toughness for configuration B can be expressed in closed form as 
(46) 
where F B (J, m) denotes the computed functional relationship between J (or equivalently 
CTOD) in configuration B (finite element model) and the Weibull stress for the calibrated value 
ofm. Appendix C presents a simplified FORTRAN program to numerically evaluate the proba-
bility g> B(Jf). 
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3. Syntax of Commands and Input Parameters 
3. 1 Using WSTRESS 
WSTRESS takes input commands in a free-form command language from a file to define the 
model, material properties, solution parameters and experimental data. Input files may in-
clude extensive user comments and thus are generally self-documenting. Input finite element 
results consist of files stored in Patran binary or ASCII format. 
WSTRESS executes in both foreground and background (&) modes on major Unix worksta-
tions (HP, SUN, IBM, DEC) using the shell command 
wstress < input_file > output_file 
or 
wstress < input_file > output_file & 
3.2 Syntax Conventions 
The input translators for WSTRESS provide a problem oriented language (POL) command 
structure to simplify specification of model and solution parameters. This section describes the 
conventions and notation employed throughout the manual to explain commands. 
The appearance within a WSTRESS command of a descriptor of the form 
< integer > 
implies that the user is to enter an item of data within that position in the statement of the 
class described by the descriptor (in the above example an integer). The command 
maximum iterations < integer> 
implies that the word iterations is to be followed by an integer, such as 30 or 125, and that the 
statement entered by the user as input data should be of the form 
maximum iterations 100 
The following are definitions of most of the descriptors used within the language. Those not 
described below are explained when they first occur in the text. 
< integer> 
< real> 
a series of digits optionally preceded by a plus or minus sign. Examples are 121, 
+300, -410. 
a series of digits with a decimal point included, or series of digits with a decimal 
point followed by an exponential indicating a power of 10. Real numbers may be 
optionally signed. Examples are 1.0, -2.5, 4.3e-01. 
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< number> is either a < real> or an < integer >. The input translator performs mode conver-
sion as needed for internal storage. 
< label> is a series of letters and digits. The sequence must begin with a letter. Input 
translators also accept the character underbar, _, as a valid letter. Labels may 
have the form big_cylinder, for example, to give the appearance of multiple 
words for readability. 
< string> is any textual information enclosed in apostrophes (') or quotes ("). An example 
is 'this is a string'. 
< list> is the notation used to indicate a sequence of positive integer values - usually 
node and element numbers. Lists generally contain two forms of data that may 
be intermixed with the same list. The first form of data is a series of integers op-
tionally separated by commas. An example is 1, 3, 6, 10, 12. The second common 
form of a list implies a consecutive sequence of integers and consists of two inte-
gers separated by a hyphen. An example is 1-10, which implies all integers in 
the sequence 1 through 10. An extension of this form implies a constant incre-
ment, e.g., 1-10 by 2 implies 1, 3, 5, 7, 9. A third form, all, is sometimes per-
mitted, and implies all physically meaningful integers. The forms of lists are 
often combined as in ... nodes 1-100 by 3, 200-300, 500-300 by -3. 
Input to WSTRESS appears as a sequence of English-like commands. In the definition of 
each command, underlined words are required for proper operation of the input translators. 
If a portion of a word is underlined, only the underlined portion is a required input. Items such 
as <integer> shown in the command definitions are not underlined but must always be replaced 
by an item of the specified class. For example, the command phrase defined by 
maximum iterations < integer > 
can be shortened to 
max iter 100 
if the user so desires. 
In many instances, more than one word is acceptable in a given position within a command. 
The choices are listed one above the other in the command definition. The command definition 
fracture criterion 
tensile stress 
principal stress 
energy release 
indicates that each of the following commands are acceptable 
fracture criterion tensile stress 
fracture criterion principal stress 
fracture criterion energy release 
frac crit princ stre 
I 
Optional words and phrases are enclosed with parentheses, 0, like in the command 
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format (of) fe-results patran ~ binary 
In order to be more descriptive within the command definitions, actual data items (those 
denoted with <> in the definition) are sometimes described in terms of their physical meaning 
and followed by the type or class of data item which can be used in the command. For example 
the command, 
structure < name of structure: label> 
implies that the data item following the word structure is the name of the structure and must 
be a descriptor of type < label >. Examples of acceptable commands are 
while 
structure bend_bar 
struct senb 
structure la 
is not acceptable since the name of the structure is not a label (labels must begin with a letter). 
Continuation Lines 
A comma (,) placed at the end of a line causes the subsequent data line to be considered a logical 
continuation of the current line. There is no limit on the number of continuation lines. Continu-
ation can be invoked at any point in any command. 
Comment Lines 
Comments may be placed in the input following a Fortran style. The letter 'c' or 'C' appearing 
in physical column 1 of the data line marks it as a comment line. The line is read and (possibly) 
echoed by the input translator. The content is ignored and the next data line read. 
Line Termination 
Line termination is accomplished in one of three ways. First, the last column examined by the 
input translators is column 72. Secondly, after encountering the first data item on a card, the 
translators count blanks between data items. If 40 successive blanks are found, the remainder 
of the line is assumed blank. Finally, a $ indicates an end of line. Space following the $ is ignored 
by the input translators and is often used for short comments. 
3.3 Blocks of Sub-Commands 
The input file syntax is composed by 6 blocks of sub-commands, which must necessarily be spe-
cified (otherwise a syntax error will occur), followed by the keyword end as shown below. The 
block corresponding to the experimental data set (as given by measurd values of fracture 
toughness values for the specimen or structure under analysis), may be an empty block (void 
block). Scanning of input parameters stops when the keyword end is found by the translator. 
Each block is delimited by the braces "{" and "}" as follows: 
28 
WSTRESS 
c 
c 
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model definition { 
<list of sub-commands> 
material specification { 
<list of sub-commands> 
process zone { 
<list of sub-commands> 
solution parameters { 
<list of sub-commands> 
statistical parameters { 
<list of sub-commands> 
experimental data { 
<list of sub-commands> 
end 
3.4 ModeJ Definition 
User's Guide 
The model definition section defines the finite element model, specific information 
associated with the meshing, the problem title (structure name) and the format for finite ele-
ment results files. A typical input block is: 
model definition { 
structure seb_aw5 
input mesh from file seb_coor 
element type l3disop order 2x2x2 
format fe-results patran type binary 
crack tip node 1 
3.4. 1 Problem Identification 
This command specifies the problem title or the structure name. If this command is omitted, 
then the structure will be unnamed. The syntax is simply 
structure < name of structure: label> 
3.4.2 Format for Finite Element Results Files 
This command defines the source from which WSTRESS will obtain the finite element results 
for use in the Weibull stress computations. Since the formulations previously derived (see Sec-
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tion 2.5) implicitly employ the Cauchy stresses at the parametric coordinates 
171 = 172 = 173 = 0 (i.e., at the center of element), the numerical results consist of element 
stresses and nodal displacements; WSTRESS provides no facilities for accommodating nodal 
stresses. As currently implemented, only results files in standard Patran ASCII or binary for-
mat can be taken as input data. The command syntax is as follows: 
ascii 
format (of) fe-results patran ~ 
binary 
WSTRESS defaults to the naming convention of Pat ran results files adopted in WARP3D 
[1]. Patran binary files of nodal displacement results and element stresses results are termed 
"wnbdxxxxx" and "websxxxxx", respectively, where "xxxxx" represents the load step number. 
Similarly, Patran ASCII files of nodal displacement results and element stresses results are 
termed "wnfdxxxxx" and "wefsxxxxx", respectively. Users may want to redefine the Patran 
naming convention by changing the file name prefixes, (i.e., the strings "wnbd", "webs", "wnfd" 
and "wefs"), with the command 
prefix (of) S .di.§.placement l 
( stress 5 results (files) 
3.4.3 Nodal Coordinates and Element Incidences 
< prefix name label > 
Element incidences (connectivities) and nodal coordinates referenced to the undeformed con-
figuration are required for computation of the Weibull stress. Moreover, the model size (num-
ber of nodes and elements) is specified in the input mesh file. In general, it is simpler to edit 
the original input file used for the finite element analysis in a format compatible with the trans-
lator of WSTRESS as shown in Fig 6. The command syntax is 
input mesh (from) file < file name: label> 
and the format-free input lines are described as follows (refer to Fig 6. ): 
Line 1 
Number of nodes < integer> 
Number of elements < integer > 
Nodal Point Lines 
Node number < integer> 
Xl coordinate < number > 
x2 coordinate < number > 
x3 coordinate < number > 
Element Lines (8-node brick elements) 
Element number < integer> 
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Nodalpcintnl< integer> 
Nodal point ns < integer > 
Figure 6 Input file for nodal coordinates and element incidences. 
3.4.4 Element Type 
Currently, only 8-node hexahedron (brick) elements with standard quadrature (2x2x2) are 
supported. Future versions ofWSTRESS will support other element types such as the 20-node 
brick element. The command syntax is as follows: 
element ~ l3disop order 2x2x2 
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Since this option is the default setting in WSTRESS, users may omit this command from this 
section. 
3.4.5 Crack Tip Node 
Specification of the crack tip node is required when the user defines the boundaries of the frac-
ture process zone using a circular region with radius R encompassing the crack tip (see Section 
3.6.1). The command syntax is as follows 
crack tip node < integer > 
3.5 Material Specification 
The material specification section defines the material identification and its mechani-
cal properties, such as the yield stress and Poisson's ratio. A typical input block is given in the 
form: 
material specification { 
identification astm533 
elements 1-650 configuration 1 
yield stress 400 
poisson ratio 0.3 
WSTRESS has also the capability of computing the Weibull stress for multilayered solids, 
such as a crack located on the boundary between the weld metal and the base material in weld-
ments. For these types of problems, the fracture process zone may be defined as the volume 
of the entire composite material surrounding the crack, or it may be defined by a particular set 
of materials. In such cases, users must specify as many materials as those included in the frac-
ture process zone. This is easily accomplished by repeating the block material specifica-
tion for all materials that need to be included into the fracture process zone; a maximum of 
10 different materials may be included in the composite structure (see also Section 3.6). 
3.5. 1 Material Identification 
Each type of material must have a unique identification (label or name) to be used all over the 
computations. The syntax for assigning a name to a certain material is as follows: 
identification < material name: label> 
Assignment of material properties to a given block of elements is accomplished by issuing 
the following command inside the corresponding material specification section 
elements < element list: integerlist > configuration < integer> 
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Further, each block of elements must also be assigned a configuration number; this number 
will be used to identify the material that is being assigned to an element during execution. In 
practice, this is the same property that is assigned to a given element to identify its material 
type in the finite element mesh. The material configuration number used in WSTRESS must 
correspond to the material properties assigned in the finite element analyses. 
For example, the following commands define the properties for a set of materials In 
WARP3D [1]: 
elements 
c 
c config number 1 
c 
c 
1-240 type l3disop nonlinear material gurson_layer, 
order 2x2x2 center_output 
c config number 2 
c 
241-5005 type l3disop nonlinear material steel, 
order 2x2x2 center_output 
Typical input blocks in WSTRESS would therefore be 
material specification { 
identification gurson_layer 
elements 1-240 configuration 1 
yield stress 400 
poisson ratio 0.3 
material specification { 
identification steel 
elements 241-5005 configuration 2 
yield stress 400 
poisson ratio 0.3 
3.5.2 Material Properties 
A specific set of mechanical properties must be assigned to each type of material in the analysis. 
The physical properties used in the computations are essentially the yield point (flow stress or 
yield stress) and the Poisson's ration, v. These mechanical properties must be the same as the 
properties used in the finite element analyses. Specification of the Poisson's ratio becomes nec-
essary when the coplanar energy release rate criterion is used (see Section 2.4); since 
WSTRESS defaults to the value v = 0.3, this property may be absent if so desired. The respec-
tive commands are: 
yield stress < number > 
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poisson ratio < number > 
3.6 Fracture Process Zone 
The process zone section defines the parameters used in the description of the (near-tip) 
fracture process zone and specifics of the local fracture mechanism. A typical input block is: 
process zone { 
domain principal stress 
boundary type box xmin -0.5 xmax 1 yrnin -1 yrnax 1 zmin 0 zmax 5 
loading parameter j-integral 
fracture criterion principal stress 
cut parameter 2 
scale factor 2 
compute steps 10 - 200 by 10 
include material astm533} 
3.6.1 Definition of the Fracture Process Zone 
WSTRESS defines the active fracture process zone near the crack tip as the region including 
all material points satisfying the condition a 1 ;::: ;tao, where ao is the yield (or reference) stress 
and a 1 is the maximum principals stress (see Sections 2.2-2.4). Previous analyses suggest a 
value of It = 2 for most cases while a value of ;t = 1.5 may be necessary for low constraint con-
figurations and low hardening materials. Users are encouraged to explore an optimal value for 
the cut parameter ;t in more specific cases; values of It too large may artificially reduce the size 
of the fracture process zone size and cause adverse effects on the Weibull stress computations 
and calibration of Weibull parameters (see also Minami, et al. [25]). In addition, WSTRESS 
has the capability of using the plastically deformed region ahead of crack tip as the fracture 
process zone, i. e., aum ;::: ;tao, where aum is the Mises stress; this definition is directly related 
to the formation of microcracks by localized plastic flow (see Section 2.1). Here, A = 0.9 is most 
often adopted. However, both definitions are nearly equivalent, particularly for large values 
of m (Weibull modulus), since the contribution of stressed material points located at distances 
sufficiently large from the crack tip, say> 100, is very small. The default for the domain of 
integration is the loci of the principal stress a 1 ;::: ;tao. The fracture process zone or, equivalent-
ly, the domain of integration (see Eq. (19) or Eq. (31)), is specified by issuing the command 
principal stress 
domain 
mises stress 
Because the stress history of material points included in the near-tip fracture process zone 
affects directly the evolution of the Weibull stress as deformation (loading) progresses, the fol-
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lowing command also provides a more specific definition for the fracture process zone in terms 
of the instantaneous or cumulative regions (see Sections 2.2 and 2.3). 
instantaneous 
cumulative 
The instantaneous fracture process zone is defined as the current loci of the principal stress 
0'1 ~ AO'O (or, equivalently, as the loci of the Mises stress Gum ~ AGO) for both a stationary or an 
extending crack. For both cases, such a region is given by a snapshot of all material points in-
side the near-tip fracture process zone; each material point being subjected to a local, current 
stress. The cumulative fracture process zone defines the envelope of all material points that 
have been included in the fracture process zone in previous stages of loading; such a definition 
also applies to both a stationary and a growing crack. For advancing cracks, the cumulative 
fracture process zone then includes material points that were left behind the crack (plastic 
wake) after its extension. The default type is instantaneous fracture process zone. 
When the instantaneous fracture process zone ahead of crack tip is adopted, the Weibull 
stress given by Eq. (19) or Eq. (31) is, by default, computed using the current stress state. Alter-
natively, WSTRESS incorporates a simplified treatment to include damage of material located 
within the region where partial unloading occurs into the calculation of O'w. Following Bakker 
and co-workers [50, 51], the maximum stress that the material point has experienced during 
the entire loading history (generally the peak stress) replaces the current stress in the expres-
sion for the Weibull stress. Ruggieri and Dodds [27] provide a detailed discussion on such a pro-
cedure and how it affects the Weibull stress values. When used in analyses involving crack 
growth, this option enables the construction of a cumulative fracture process zone using the 
envelope of maximum stresses experienced by material along the crack plane during growth. 
The input command to include the stress history in the analysis is as follows: 
stress history ~ 
where the default option is off. The stress history option must be active when the cumu-
lative fracture process zone is specified. 
The cut parameter, A, used to define the fracture process zone is specified with the com-
mand 
cut parameter < number > . 
As currently implemented, the default setting for the cut parameter, A, depends on the domain 
of integration being specified. For domains defined by the principal stress, the default value 
for A is 2.0. For domains defined by the rviises stress, the default value for A is 0.9. 
As a further capability, the user can specify elements to be excluded from the fracture pro-
cess zone. This option proves useful when, for example, crack tip elements become very dis-
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torted and provide highly inaccurate stresses. This command is also utilized when users want 
to exclude elements that could be artificially included into the near-tip fracture process zone, 
such as elements near the nodal load (displacement) points in SE(B) specimens. The command 
IS 
exclude elements < element list: integerlist > 
Alternatively, WSTRESS provides two general commands to define the boundaries of the frac-
ture process zone. The first one defines a box around the crack tip, as illustrated in Fig 7a, 
which is specified by fixed (global) Cartesian coordinates (x,y,z) along the axes normal to its 
faces. The second one simply defines a circular region ofradiusR encompassing the crack as 
shown in Fig 7b. The syntax of both commands is as follows 
and 
boundary (~) box 
xmin 
xmax 
YIDill 
YillQ1:; 
zmin 
zmax 
< coord. value: number > 
boundary (~) circular radius < radius value: number> 
This latter command is intended to be used in analyses where the in-plane mesh (xy-plane) 
is uniform along its normal direction (z-direction); therefore, this option works for 2-D plane 
strain analyses (one-layer models) or 3-D analyses, such as a SE(B) specimen, with a straight 
crack front. When using this option, the crack tip node must be specified in the model def ini-
tion section. The boundary option is generally well-suited for defining the process zone in 
more complex geometries or more complex analyses as, for example, in 3-D surface cracks or 
in structures with multiple cracks propagating in different directions along the material; in 
this latter example, the Weibull stress can be easily calculated for any crack in the structure. 
A typical example is 
boundary type box xmin -0.5 xmax 1 ymin -1 ymax 1 zrnin 0 zrnax 7.5 
or 
boundary type circular radius 2.5 
Many structures have planes of symmetry with respect to loading and geometry. Symmetry 
properties, if used for generation of the finite element results, must be taken into account for 
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Figure 7 Definition of boundaries for the fracture process zone: a) a spatial box defines 
which elements are to be included; b) circular boundary surrounding the crack tip. 
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computation of the Weibull stress. WSTRESS uses a scale or multiplication factor to correctly 
calculate Ow as needed to include the number of symmetry planes in the model. The scale factor 
enters into the computation of Ow only as a multiplier of the integral in Eq. (19) or Eq. (31) and, 
therefore, has no effect on the Weibull modulus, m. For example, if geometrical and loading 
conditions permit modeling of only one quarter of an SE(B) specimen, then the scale factor is 
4. The command is 
scale factor < integer > 
where the default value is 1. 
3.6.2 Loading Parameter 
In the present work, overall fracture conditions and macroscopic loading in the specimen or 
structure under analysis are defined in terms of J or CTOD (0). The loading parameter charac-
terize the crack-tip stress fields; WSTRESS then constructs the evolution of the Weibull stress 
with J or CTOD. When the iterative procedure is invoked, the loading parameter should be of 
the same type as the experimental data (oe or Ie). The command syntax is as follows: 
loading parameter 
j-integral 
ctod 
The computed values of J at specified load steps (which must be consistent with the finite 
element results generated by the FE-analysis) are also input through a result file. The com-
mand syntax to provide the file name is: 
input loading parameter (from) file < file name: label> 
and the format-free input lines are described as follows (refer to Fig 8): 
10 0.555 
20 1.145 
30 2.008 
Figure 8 Input file format for loading parameter results (J or CTODj. 
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Line 1 to number of load steps 
Step number < integer> 
Loading parameter value < number > 
3.6.3 Fracture Criterion 
User's Guide 
A fracture criterion must be specified to determine the equivalent (tensile) stress, aq , acting 
on a microcrack included into the process zone. Currently, WSTRESS employs two different 
fracture criteria: maximum principal stress and energy release rate (see Section 2.4 for further 
details). The code sets the maximum principal stress criterion as the default criterion. The com-
mand syntax is as follows: 
energy release 
principal stress l 
3.6.4 Specification of Load Steps 
The range of load steps over which the computations are performed must be consistent with 
the results available from the finite element analysis (Patran results files). When the iteration 
procedure is invoked, the range of load steps that define the (computed) Weibull stress function 
must accommodate the range defined by the experimental data set. Users should specify any 
valid integer between 1 and the maximum number of load steps available from the finite ele- . 
ment analysis. Load steps which contain no yielded elements are automatically skipped. The 
command syntax is: 
compute (load) steps < load step list: integerlist >. 
3.6.5 Fracture Process Zone for Composite Media 
WSTRESS has also the capability of calculating the Weibull stress for composite media, such 
as interfacial cracks along the boundary between the weld metal and the base plate (see Fig 
9). The volume of integration in Eq. (19) or Eq. (31) for each material included in the fracture 
process zone is defined upon the condition a 1 2:: Aa~ ; k = 1, ... , n, where n is the number ofma-
terials included into the fracture process zone (a similar condition also holds when the fracture 
process zone is defined in terms of the Mises stress). WSTRESS includes in the fracture process 
zone only materials previously defined in the material specification section. The com-
mand syntax to assign a material to the volume of the fracture process zone is: 
include material < material name: label> 
Repeat this command within this block for each material included in the process zone. If 
this command is absent, then, by default, WSTRESS includes all materials previously speci-
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fied in the in the material specification section into the fracture process zone. There-
fore, for homogeneous materials, this command drives exactly the same computations as ifit 
were absent. 
3.7 Solution Parameters 
The solution parameters section defines the parameters used directly in the numerical 
algorithms and the solution procedure. A typical input block is given in the form: 
solution parameters { 
convergence tolerance 0.0001 
maximum iterations 100 
integration order 3 
curve fitting model 1 
iterations on 
3.7. 1 Convergence Tolerance 
Convergence of the iterative procedure is assessed by simply evaluating the residual of the 
shape parameter Tn (see Section 2.6) from iteration k to k+ 1 in the form I mi -1 - mi I ::; E, 
where E is the (absolute) tolerance value. WSTRESS defaults to the value E = 0.001. The com-
mand syntax is as follows: 
convergence tolerance < real > 
3.7.2 Maximum Number of Iterations 
Convergence of the iterative procedure generally requires few iterations for common ranges 
of the tolerance E. However, in some few cases, the Weibull modulus may oscillate (periodically) 
around a certain value and convergence of the iterative procedure may not be attained. Users 
may then specify the maximum number of iterations allowed in WSTRESS by using the com-
mand 
maximum iterations < integer> 
3.7.3 Spatial Integration of Stresses 
An important feature of the solution procedure used in WSTRESS is the capability of perform-
ing a spatial integration of the stress tensor; as seen in Section 2.2, this accounts for the random 
location of microcracks in the Cartesian space (xv X2' x3)' Spatial integration is then carried 
out using a numerical quadrature employing 2 or 3 points (as currently implemented). Orders 
40 
WSTRESS 
Fracture process zone 
0 1 > Aob 
Medium 1 
Medium 2 
User's Guide 
(a) Only medium 1 is included into the near-tip fracture process zone. 
Fracture process zone 
01 > Aob 
01 > AO~ 
Fracture process zone 
Medium 1 
o~, E2 , v2 
Medium 2 
(b) Medium 1 and medium 2 are both included into the near-tip fracture process zone. 
Figure 9 Simplified definition of the fracture process zone for composite media. 
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of integration higher than 3 may increase excessively the computation time and do not provide 
real improvements in the solution. The syntax command is: 
(spatial) integration order < integer> 
Note that the spatial integration of the stress tensor only applies when the energy release 
rate criteria is employed; the equivalent (tensile) stress acting on the microcrack plane is a 
function of the curvilinear coordinates (8, cp). When the principal stress criterion is employed 
for computation of the Weibull stress, the order of spatial integration may be omitted. 
3.7.4 Curve Fitting 
WSTRESS also provides an additional facility for fitting the numerically obtained relationship 
between the Weibull stress and the loading parameter (J or CTOD). Appendix B provides the 
models currently available for curve fitting. The command syntax is as follows: 
curve fitting model < integer > 
3.7.5 Suppression of the Iterative Procedure 
The iterative procedure may be suppressed (routines involving the experimental data, such as 
the procedure to determine the Weibull stress at fracture, are therefore not invoked) or re-acti-
vated by giving the command: 
iterations 
3.8 Statistical Parameters 
The statistical parameters section defines the parameters used directly in the statisti-
cal procedures and specifics of the Weibull model. A typical input block is: 
statistical parameters { 
estimation method maximum likelihood 
initial weibull modulus 20 
censoring at 0.12 
limiting distribution Weibull 
3.8.1 Estimation Method 
The iterative procedure offers two statistical methods for point estimation of the parameters 
of the Weibull distribution: maximum likelihood and least square. The maximum likelihood 
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method frequently yields the best estimates with minimum asymptotic variances (refer to Sec-
tion 2.6). WSTRESS computes (automatically) the bias correction as well as the 90% and 95% 
confidence intervals of the shape and scale parameters for samples of size up to 100 points. The 
default estimation method is the maximum likelihood. The command syntax is as follows: 
estimation method 
~ ~imum likelihood l 
( 1 eas t .§.91@,.re 5 
3.8.2 Initial Value of the Weibull Modulus (Shape Parameter) 
The iterative procedure outlined in Section 2.6 requires a starting estimate for the Weibull mo-
dulus or shape parameter, mo' In analyses which suppress the iterative procedure, this com-
mand sets the Weibull modulus to a specific value; evolution of Ow with J or CTOD is then gen-
erated for a known, specified value for m. WSTRESS defaults mo to 20. The command syntax 
is as follows: 
initial weibull modulus < number> 
or 
initial shape parameter < number> 
3.8.3 Censoring of Experimental Data 
A Type I censoring model for the experimental data may be employed when some of the ob-
servations (the random variable of interest) are assumed to belong to a parent population with 
different distribution (e.g., J c -values exhibiting large amount of crack growth prior to unstable 
fracture). Statistical censoring is invoked by using the command 
censoring at < number > 
where the input parameter <number> is the fixed censoring value. WSTRESS will automati-
cally set the size of the partition corresponding to the distribution of interest upon this parame-
ter (see Section 2.6 for further details). The maximum likelihood method for estimating the Wei-
bull parameters must be used when censoring is invoked. 
3.8.4 Reference Volume 
WSTRESS assumes a unit volume for the reference volume, Va' in the computation of the Wei-
bull stress. Users may redefine this quantity using the command: 
reference volume < number > 
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However, as discussed previously, the effect is simply scaling the parameter, au, as m is in-
dependent of Va (refer to Section 2.2). 
3.8.5 Threshold Stress 
WSTRESS sets the value of the threshold stress, atlI' appearing in Eq. (18) (see Section 2.2) 
as O. Different values for atii can be specified as needed with the following command: 
threshold stress < number > 
3.8.6 Generation of Fracture Toughness Data 
WSTRESS provides two options to generate a distribution of fracture toughness data: (1) user 
specified Weibull parameters for the distribution of fracture toughness values and (2) Weibull 
parameters obtained from the experimentally measured values of fracture toughness. The 
command syntax is as follows: 
generate fracture data (with) ! alPhal beta gamma < number > 
or 
generate fracture data 
where alpha is the shape parameter (Weibull modulus), beta is the scale parameter and gam-
ma is the location or threshold parameter of the Weibull distribution describing the toughness 
data for cleavage fracture (refer to Section 2.6). As previously noted, the location parameter 
gamma must always be provided by the user when a three-parameter Weibull distribution is 
to be generated. 
When the shape and scale parameters are not specified, as in the latter command, or when 
only one of these parameters is provided, WSTRESS uses the maximum likelihood estimates 
of the parameters for the distribution of measured fracture toughness values (which must be 
provided by the user through the experimental data module) to generate the statistical 
sample for fracture data. For example, the command 
generate fracture data with alpha 2 
forces WSTRESS to generate a statitistical sample from a two-parameter Weibull distribution 
with shape parameter set to 2 and scale parameter taken from the likelihood estimate of(3 us-
44 
WSTRESS User's Guide 
ing the measured values of cleavage fracture toughness. As presently implemented, WSTRESS 
only evaluates the maximum likelihood estimates of a two-parameter Weibull distribution 
(y = 0); the location parameter must always be specified when generating a three-parameter 
Weibull distribution. 
3.9 Experimental Data 
The experimental data section defines the experimental data relative to the fracture me-
chanics tests. As previously indicated, the loading parameter employed in the analysis should 
be of the same type as the experimental data COc or J c). The translator takes as input data all 
numerical values inside this block irrespective of their ordering; WSTRESS automatically 
sorts the input list of experimental data in ascending order. The command syntax is simply: 
experimental data { 
< data list: numberlist > } 
The iterative procedure is also suppressed when this block is empty or void: 
experimental data { } 
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4. Illustrative Example 
This section illustrates computation of the Weibull modulus, m, for a quenched and tempered 
(QT), high strength, low alloy (HSLA) steel based upon fracture toughness data obtained from 
deep notch SE(B) specimens tested by Toyoda, et al. [48] . Figure 10 displays the cleavage frac-
ture toughness values (JJ for the deep and shallow notch configurations at -120°C (the test 
temperature which corresponds to near lower-shelfbehavior for the material). Figure 11 shows 
the finite element model, dimensions and boundary conditions. The 3-D model has one-layer 
of elements in the thickness direction with plane strain conditions (x3 =0) imposed on all nodes. 
The model has 480 elements (8-node bricks with B modification) with sufficient mesh refine-
ment near the tip to provide adequate solution of the stress fields. A focused ring of elements 
surrounding the crack front is used with a small key-hole (radius equal to O.lmm). This model 
was analyzed by Ruggieri and Dodds [27] for predicting the effects of constraint and ductile 
tearing in shallow notch specimens on the basis of a Weibull stress scaling methodology. 
2000~----------------------~ 
1500 
1000 
500 
_t _ r-----:.:""---+-------, 
W 
1 
OT Steel (-120°C) 
D 
ajW = 0.1 
ajW = 0.5 
o ~~~~~~~~~~~~~~~~~~ 
o 0.1 0.2 0.3 0.4 
ajW 
0.5 0.6 
Figure 10 Cleavage fracture toughness data for SE(B) specimens. 
Numerical computations were performed in a finite strain setting by the WARP3D finite 
element code [1]. The model is loaded by displacements imposed on the top 2-3 nodes on the 
symmetry plane. Loads are increased to the specified values in 100 fixed increments. J-integral 
values are obtained using the domain integral facility available in WARP3D. The constitutive 
model adopted in the analyses follows a J 2 flow theory with Mises yield criterion. The uniaxial 
true stress-logarithmic strain response for the material is modeled with a piecewise linear 
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approximation to the mechanical tensile behavior (see [27]). For this analysis, the WARP3D 
input to define the model and material properties is 
c 
c SE(B) Specimen - A/W=0.5 - KEY-HOLE CRACK TIP 
c 
structure seb_aw5 
c 
material yr90 
properties mises e 2.0582e5 nu 0.3 yld-pt 778 curve 1 rho 0.0 
c 
stress-strain curve 1 
c 
0.00378 778.0 0.02941 830.0 
0.10588 930.0 0.20588 990.0 
number of nodes 1260 
number of elements 575 
c 
elements 
c for config number 1 
0.04853 870.0 0.06765 890.0, 
0.50000 1090.0 5,00000 1600.0 
1 - 575 type l3disop nonlinear material yr90 order 2x2x2 , 
bbar center_output long 
" tt 
"" \ \ \ ~ \ \ \ j X 2 ~------+---~~--~----~--~---+---4---4--~~ ~ ~. \ \ 
'" J'\: ""'" \\ ~ K \: \ \ ... 
W==30 
t 
~------+------if------+----+-----+----+----+----+----r-/ V v vi{ 7 7' ""t a == 15 
I/vv ~v /7 7 
~------+-----~---+----+----r---+---4---4--~ V /71 
lL" / / / 
1/ / 1 / 
£ ~··.><.:+':\I T 
._-
8/2 60 
Figure 11 Finite element model used for the deep notch SE(B) specimen (a/W=O.5). 
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The input parameters and specification of blocks of commands for WSTRESS are illus-
trated below. The procedure to find the material dependant value for the shape parameter is 
fully described in Section 2.5. 
c WSTRESS Example 
c 
c Calculation of the Weibull stress and Weibull parameters 
c for a QT (HSLA) steel using cleavage fracture toughness data 
c from single edge notched bend (SE(B)) specimens with a/W=0.5. 
c 
c 
c 
c 
c 
c 
c 
model definition 
structure seb_aw5 $ B=15. rom, W=30. rom 
input mesh from file sebaw5_coor 
crack tip node 1170 
format fe-results patran type binary 
material specification { 
identification yr90 
elements 1-575 configuration number 1 
yield stress 778 
fracture process zone 
domain principal stress 
boundary type circular radius 3 
loading parameter j-integral 
input loading parameter from file sebaw5_jval 
fracture criterion principal stress 
cut parameter 2 
scale factor 2 
compute load steps 5-100 by 5 } 
solution parameters { 
convergence tolerance 0.0001 
maximum iterations 100 
statistica~ parameters 
estimation method maximum likelihood 
initial shape parameter 20} 
experimental data { 
end 
48.77 49.68 31.97 120.35 48.07 , 
45.00 44.02 14.5 48.37 80.09 83.66 
The main results output by WSTRESS are shown next. For the high strength steel used 
in these experiments, m has the calibrated value of 15.6. 
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*************************************************************** 
WEI B U L L S T RES S FUN C T ION 
S T R U C T U R E : seb_aw5 
*************************************************************** 
Analysis converged in 10 iterations 
Step Load Jint Volume Sig. Weibull 
Step (Proc. Zone) 
1 15 5.854000 0.126767E-02 1098.687576 
2 20 10.380000 0.371110E-02 1254.833001 
3 25 16.160000 0.139732E-01 1416.154637 
4 30 23.180000 0.265512E-01 1501.536111 
5 35 31.390000 0.498748E-01 1590.221257 
6 40 40.740000 0.836847E-01 1661.841389 
7 45 51.110000 0.131426E+00 1720.519956 
8 50 62.230000 0.186830E+00 1766.321357 
9 55 74.000000 0.253648E+00 1806.290212 
10 60 86.290000 0.322600E+00 1839.170988 
11 65 99.080000 0.403314E+00 1867.358378 
12 70 112.300000 0.451920E+00 1890.625981 
13 75 125.700000 0.493566E+00 1908.923599 
14 80 139.300000 0.551606E+00 1920.396978 
15 85 152.900000 0.618416E+00 1928.586509 
16 90 166.500000 0.659809E+00 1934.062331 
17 95 179.900000 0.659834E+00 1937.288546 
18 100 193.400000 0.673502E+00 1941.458414 
Experimental Values 
------------ ------
Data Jint Sig. Weibull 
1 14.500000 1378.237710 
2 31.969999 1595.180244 
3 44.020000 1682.067377 
4 45.000000 1687.811399 
5 48.070000 1704.914628 
6 48.369999 1706.513516 
7 48.770000 1708.625319 
8 49.680000 1713.344244 
9 80.089996 1823.293358 
10 83.660004 1832.612344 
11 120.349998 1902.450625 
»> Weibull Shape Parameter = 15.603839 
90% Confidence Intervals 8.978043 20.944750 
95% Confidence Intervals = 7.912697 22.746121 
»> Weibull Scale Parameter = 1757.390904 
90% Confidence Intervals 1625.467164 1821.688402 
95% Confidence Intervals = 1591.716256 1839.196225 
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Appendix A 
Solution of the Likelihood Equations 
In this section, we present further details for finding the MLEs for the parameters of the Wei-
bull distribution, Eq. (20), namely the Weibull modulus, m, and the scale parameter,ou' As al-
ready introduced, the procedure is equivalent to maximizing the log-likelihood function 
l(flJ) = InL(flJ), i. e.,CJl(flJ)jCJ(flJ) = O. Recalling the Type I censoring model for the Weibull dis-
tribution and the parametrization y = o;;m (see Eq. (42», the log-likelihood function is given 
by 
r n 
l(m,y) = InL(m,y) = = rlny + rlnm + (m-l) L InYi - y LYi (AI) 
i=l i=l 
where 
{ 
0wi if 0wi:::; Owc ; i = 1, ... , r 
Yi =. . 
a wc If a wi > a wc ; L = r + 1, ... , n 
(A2) 
defines the censored sample, i.e., instead of observing (xl' ... ,xn ) (the random variable of inter-
est) we can only observe (YI' ... ,Yn) where 
{
Xi if xi :::; Xc ; i = 1, ... , r 
Yi = . . ._ 
. Xc If xi > Xc , L - r + 1, ... , n 
(A3) 
so that there are r uncensored observations (xi :::; Xc) and n-r censored observations (xi > Xc). 
Here, Xc (or Owc in Eq. (A2» is some (preassigned) fixed number termed the fixed censoring 
parameter. 
The first derivatives of l are 
r n 
aCJ;I = ~ + - LYi - y LYilnYi ' 
aZ = !: _ 
Y 
i=l 
i=l i=l 
Setting these equations to zero, the MLEs (m, y) satisfy 
r n 
:n + - LYi - y LYilnYi = 0 , 
i= 1 i=l 
so that the likelihood estimate for the Weibull modulus, m, is found by solving 
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n 
~ yf!L InYi 
r ~ L 
- LYi - r _i=_l_n ___ = 0 (AS) 
i=l Lyr 
i=l 
Equation (AS) is solved iteratively by the Newton method which requires a good starting value 
ms. WSTRESS employs a least square method using the entire data set to arrive at an approxi-
mate value for the root of Eq. (AS); therefore, ms is simply the least square estimate of m at 
the start of the Newton iteration. 
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AppendixB 
Curve Fitting Models 
Regression of the functional relationship of the Weibull stress with the loading parameter, usu-
ally expressed as F(aw , J) or F(aw , 0), is accomplished by a x2-based least square method em-
ploying single value decomposition to solve for the coefficients of the fitting function [52]. The 
following models are currently available in WSTRESS: 
Modell 
(Bl) 
Model 2 
(B2) 
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Appendix C 
Scaling of Fracture Toughness Values 
This section provides a skeletal Fortran program to scale the distribution offracture toughness 
val ues in different specimens and crack configurations based upon the toughness scaling meth-
odology presented in Section 2.6. It provides a simplified form of evaluating ~ B(J~) in Eq. (46) 
when F B(J, m), the computed functional relationship betweenJ (or equivalently CTOD) in con-
figuration B (finite element model) and the Weibull stress for the calibrated value ofm, is avail-
able only as a discrete function. 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
**************************************************************** 
* 
* W seA L E 
* 
* This program scales the distribution of fracture toughness 
* for different cracked solids having different geometries 
* (overall dimensions, crack size, etc.) and subjected to 
* different conditions (constraint, ductile tearing, etc.) 
* by using the distribution of Weibull stress. 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
**************************************************************** 
program wscale 
implicit none 
integer f1, f2, stdout, stat, j, k, maxnumpt, maxpt, minpt, 
& max1istsize, ka, kb, stdin, nptcfg_1 
parameter (max1istsize=500, maxnumpt=200) 
double precision intlin, jint_1(maxlistsize), j-pred, m, ya, 
& sigweibull_O(maxlistsize), cdf(maxnumpt), xa, xb, yb, 
& sigweibull_1(maxlistsize), sigma_u, llcdf(maxnumpt) 
logical find_maxpt, find_minpt 
character*80 file_name 
data f1 / 1 / 
data f2 / 2 / 
data stdin / 5 / 
data stdout / 6 / 
find_maxpt .false. 
find_minpt = .false. 
minpt 1 
maxpt = maxnumpt - 1 
*************************************************************** 
* get Weibull modulus and scale parameter of the Weibull 
* distribution for the reference configuration (A). These 
* parameters are those obtained in the estimation procedure. 
* 
* 
* 
*************************************************************** 
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c 
write (stdout,900) 
900 format (I, '»> Weibull modulus and scale parameter?' ,I) 
read (stdin,*) m, sigma_u 
c 
c *************************************************************** 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
* read in the computed functional relationship between J in 
* the finite element model and the Weibull stress (for the 
* previous value of m) for the configuration which the 
* toughness values are to be scaled to (target). values 
* must be in ascending order. 
* 
* 
* 
* 
* 
*************************************************************** 
write (stdout,910) 
910 format (I, '»> Weibull stress file for target configuration?' ,I) 
read (stdin,920) file_name 
92 0 forma t ( a 8 ° ) 
10 
& 
& 
open (f1, file=file_name, status='old') 
stat ° 
k = 1 
read (f1, * iostat = stat) jint_1(k), sigweibull_1(k) 
if (stat .eq. 0) then 
k = k + 1 
goto 10 
endif 
nptcfg_1 k - 1 
*************************************************************** 
* generate the Weibull distribution for the reference * 
* configuration using the previous values of m and sigma_u. * 
*************************************************************** 
do k = 1, maxnumpt-1 
cdf(k) dble(k) I dble(maxnumpt) 
llcdf(k) = log(log(l I (1 - cdf(k)))) 
sigweibull_O(k) = exp ((llcdf(k) I m) + log (sigma_u) ) 
if ((sigweibull_O(k) .gt. sigweibull_1(1)) .and. 
(.not. find_minpt)) then 
minpt = k 
.true. 
endif 
if ((sigweibull_O(k) .gt. sigweibull_1(nptcfg_1)) .and. 
(.not. find_maxpt)) then 
maxpt = k - 1 
find_maxpt = .true. 
endif 
enddo 
**************************************************************** 
c * determine toughness distribution for target configuration. * 
c **************************************************************** 
c 
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open (f2,file='toughness_distribution' ,status='unknown') 
ka 1 
do k minpt, maxpt 
j ka - 1 
20 j j + 1 
if (sigweibull_l (j) .It. sigweibull_O (k)) goto 20 
ka j - 1 
kb j 
xa jint_l(ka) 
xb jint_l(kb) 
ya sigweibuII_l(ka) 
yb sigweibuII_l(kb) 
j-pred= intlin(yb,ya,xb,xa,sigweibull_O(k)) 
write(f2,930) k, cdf(k), llcdf(k), j-pred, log (j-pred) 
enddo 
930 format(i6,4(f13.6,2x)) 
c 
c 
close (fl) 
close (f2) 
stop 
end 
c **************************************************************** 
c 
c 
c 
c 
c 
c 
c 
* * 
* perform linear interpolation on the interval [a,b] * 
* * 
**************************************************************** 
double precision function intlin (xa,xb,ya,yb,xO) 
implicit none 
double precision xa, xb, ya, yb, xO, yO 
yO = ya + ((yb - ya) * (XO - xa) / (xb - xa)) 
intlin = yO 
return 
end 
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